Inverse Trigonometric

Functions

Trigometric Functions & Their 6.
; Inverses, Domain & Range of Inverse
. Trigonometric Functions, Principal
i TOPIC Value of Inverse Trigonometric
b Functions, Intervals for Inverse
Trigonometric Functions
3 1 s
1. Ifa=cos™ 3 ,B=tan 3 ,where0 <o, < E,then
o—Pisequalto: [April 8,2019 (D]
R
(a) tan 510 (b) cos 5910 ;
) ewlE
(c) tan 12 (d) sin 5910
2. Anvalue of x satisfying the equation sin[cot ! (1 +x) ] = cos
[tan~'x], is : [Online April 9,2017] g
L b) -1 0 d 1
@-3 ®-1  © @
_ 4
3.  Theprincipal value of tan ! (cot %j is:
[Online April 19,2014]
3n 3n b1 b1
-—— = - = 9.
@ -, ®F ©-5 @5
4. The number of solutions of the -equation,
sin~! x =2 tan ~Lx (in principal values) is :
[Online April 22, 2013]
@ 1 (b) 4 © 2 d 3
“1 . —1] (2 .
5. Avalue of tan [sm [cos (\/;DJ is
10.
[Online May 19, 2012]
i n n 9 =
@5 ©®7 ©3 @F
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The largest interval lying in [—_n EJ for which the
22

function, f(x)= 4 4 cos! [%—1] +log(cosx) , is defined, is

[2007]

@) {_E,Ej (b) [oﬁ]

472 2

0, d [T Ej
© [0.7] @ -2
-1
The domain of the function f(x)= sin_(x—3) is
9-x?

@ [1,2] (b) 2,3) [2004]
(0) [1,2] d [2,3]
The trigonometric equation sin~'x=2sin"'4 has a
solution for [2003]
(@) ‘a‘ﬁ% (b) %<‘a‘<%
(c) all real values of a (d) \a\ <%
cotfl(wlcos o) —tanfl(Jcos a)=x,
then sin x =
@) tanz(%j (b) cot? (%] [2002]
(© tan o (d) cot (%)
The domain of sin’! [log, (x/3)] is [2002]
@ [1,9] (b) [-1,9]
© [9.1] d [9.-1]
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M-262  Mathematics |
| Properties of Inverse Trigonometric () (cot2,)
' TOPIC Functions, Infinite Series of Inverse
. Trigonometric Functions (©) (-o0,c0t5) L (cot2,0)
(d) (cot5, cot4)
0 . 116
11. 2n—|sin —+sin” —4+sin. — | ig equal to :
1 6 17. Thevalueof cot| 3" cot™' | 143 2p || is:
[Sep. 03, 2020 (D] . The value of co nzzll co + pZ::l pl|is
b1 5 3n n Jan. 10, 2019 (II
W3 o ©3 @ Han ]
21 19
12. If S is the sum of the first 10 terms of the series @ 19 (b) a1
tan~! (lj +tan”! (lj +tan”! (Lj +tan”! (ij + 22 23
3 7 13 21) © > @ =
then tan (S) i 1 to: Sep. 05,2020 (I
en tan () is equal to [Sep- 05, ] 18. Ifx=sin"'(sinl0)andy=cos™ (cos10), then y — x is equal
5 5 to: [Jan. 09, 2019 (IT)]
@ ¢ ®) - ’
6 11 @ 0 (b) 10 (© 7n d =
s d 10 19. Ifcos 2 +cos ! =2l x> 2 then x is equal
© ~3 @ 7 ) 3x 4x) 2 4)
sin™! 12 —sin! 3). [Jan. 09,2019 (T)]
13. The value of 13 5)is equal to : ) \/ﬁ \/_ © J146 @ \/—5
) N N7 N7
[April 12, 2019 ()] 12 12
. -1 63 -1 56 \I1+X +\I1 X
(a) m—sin P (b) ——Sln I3 20. The value of tan™! . Ix |< =, x#0,
1+x2 —~1-
© __Cos 1[%} @ n_cos—l(%) is equal to [Online April 8,2017]
T 1l 1.2 T -1.2
(a) Z+ECOS X (b) Z+COS X
14. If cos*lx—COS’1§=a,where— 1<x<1,-2<y<2,
T 1 12 T 1.2
(c) ———cos X (d ——cos x
<Z , then for all x, y, 4x> —4xy cosa + )* is equal to: 42 4
2 21. Let
[April 10,2019 (ID)] an~y = tan~'x +tan*1( 2X2j’
(a) 4sin’a (b) 2sin’a 1-x
20 Dy2 2 o + Dx22 1
© 4.s1n‘oc 20y’ . .(d) 4 cos (x. Yy . where or |X| <—=.Thenavalueofyis: [2015]
15. Considering only the principal values of inverse functions, NE)
o] -1 4l 3x—x> 3X+X°
the set A:{xZO.tan (2x)+tan (Sx):—} b
4 @ 30 ® T3
[Jan. 12,2019 ()]
. 3x-x° 3X+X°
(a) contains two elements © > (d) 3
(b) contains more than two elements I-3x I-3x
() isasingleton 22. If f (x) = 2tan"'x +sin”! ( 2x 5 j,x >1 then
(d) is an empty set 1+x
16. Allx satisfying the inequality (cot 'x)2 — 7 (cot 1x)+ 10> f(5)isequal to: [Online April 10, 2015]
0, lie in the interval : [Jan. 11,2019 (ID)] 65 P
@ (2] ® 3
(@) (—oo,cot5)uU(cot4,cot2) 156
© = (d) 4tan”!(5)
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Statement I: The equation (sin~'x)? + (cos ! x)? —an®=0

has a solution for all a > % .

Statement II: Forany x e R, sin”'x+cos ' x = g and
2 2
.- b on
0< (sm Tx— Z] T [Online April 12, 2014]

(a) Both statements I and II are true.

(b) Both statements I and II are false.

(c) Statement I is true and statement I1 is false.

(d) Statement I is false and statement II is true.

Ifx, y,zarein A.P.and tan Lx, tan"ly and tan~!z are also in

AP, then [2013]
@ x=y=z (b) 2x=3y=6z
() 6x=3y=2z (d) 6x=4y=3z
Let x ¢ (0, 1). The set of all x such that
sin~'x > cos~lx, is the interval: [Online April 25, 2013]
(1) (L
® |37 ® |5
o V3
© ©.1) @ |0

26.

27.

28.

_ 1 _
e (et
n-+n+l n-+3n+3

+tan~! S , then tan S'is equal to :
1+(n+19)(n+20)
[Online April 23,2013]
20 n
a) —— _r
@ 201200 ® n? +20n+1
20 n
© 5— (d) ——r—
n* +20n+1 401+20n
A value of x for which sin (cot~!(1 +x)) = cos (tan"! x), is
: [Online April 9,2013]
@ -1 ®»1 @0 @
2 2

If sin~! [gj +cosec”! [%} = g , then the values of x is

(@) 4 ®) 5 [2007]
(© 1 @ 3

If cos™! x—cos_lg = o, then 4x? —4xy cosa+y2 is
equal to [2005]
(@ 2sin2a (b) 4

() 4sin? o (d) — 4sin? a
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3
1. @ -cosa= 5 then sin .=

Il
(SN N

= tana

1
and tan B = 3

tan o — tan 3

wtan (- B) =10 tanp

13
~ cos'( 5410

Hints & Solutions

N

= tan~! {m(z _ 31”
5 =
2 4

n 3n 2n-3n _ -m

2 4 4 4
4. (a) Given equation is
sin'x=2tan!x
Now, this equation has only one solution.

T
LHS=sin" 1=~
sin 3
non
andRHS:2tan*11:2><Z:E

. g 5n
Also, x =1 gives angle value as 1 and Y

5w
7 is outside the principal value.

5. () Consider tan™! l:sin(cosl \/g H

2. (@ sm cot (1+x) —cos tan lx) Let cosl\/gze jcose:\/g

2—|—2x—|—x I\

= sin@=+1-cos’0 = }1§=\/§

Let; cot A =1+x
tan B =x
= sinA=cosf

1

=

= Pa2x+2=x*+1

V242542 ) Wi+ 22

. tan”! {sin [cos‘1 \E]:l = tan"' [sin 6]
oo )4

6. () Giventhat

fx)= 47’62 +cos ! (% - lj +log(cos x)

f(x) is defined if - 1 S(%—lj <1l andcosx>0

= x=-12
3. (¢) Consider X P T
= 0<—<2and ——<x<—
| 437 4 3 2 2 2
tan "|cot——| = tan™ | cot| 10m+—
4 4 T T
= 0£x£4and—5<x<5

-1 3n
= tan {cotj} [+ cot 2nm + 0) = cot 0]
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in”! 4 5 16
-3 P BN BT o)
7.0 f(0= S35 defined 1. © 2= —[sm Ssin Ssin 65)
9-—x?
When —1<x-3<1=2<x<4 ...(i) :zn—[tan*fﬂan*liﬂan*l E)
5 .. 12 63
and 9—x*>0=>-3<x<3 ...(ii)
from (i) and (ii), .4 4
weget 2 < x <3 .. Domain=[2,3) . sin i tan 3

8. (@ Giventhat sin"'x=2sin"!a

(4,5)
T_ . ] _T St
We know that —E£sm XSE o dtant| 312 |y 10
l_fi 63
312
= —— < 2sin la<g
163 16
| b -1 1 =2n—|tan —+tan —
= -——<sin a<—=>-—=<a— 16 63
4 2 V2
1 4 ,163)
<—— :Zn—[tan +cot —
|“'x/§ 16 16
9. (@ Giventhat, cot”! (ycosa )—tan! (\/coso )=x P n_ 3n
T2 2

1
tanl(mj —tan~! (Jcosa ) =x

1 1 1
12. @ S=tan"' (gj +tan”! 5 +tan”! I +....upto 10 terms

! —+/cosa
_1 _cosa B 3 ,,(2—1] ,1(3—2)
= tan ———————=Xx =tan~ | ———|+tan
1 1+2-1 1+3-2
1+ Alcos a
\eosa L[ 4-3 L[ 11-10
1- +tan + o + tan
= tan ! 8% _ 1+3-4 1+11-10
2+/cos a » » » ;
= (tan —tan + (tan —tan +
( 2 D+( 3 2)
1—-cosa
= tanx = oosa (tan'4—tan"'3)+ ...+ (tan ' 11—tan"'10)
11-1
2+cosaa B :tan’lll—tanfllztanfl( j:tan’l(éj
= cotxzm=; 1+11-1 6
5
P=(1-cosa) and B= 2+/cos . sotan(S) = 3

H:\/P2+B2 =1+cosa

(§j+sin71(£J —sinfl[gxi—gxij
1-coso.  1-(1-2sin?a/2) 5 13) 5713 1375

l+coso 142 cos?o/2—1 (- xye”’0andx?+12d” 1)

. o
or sinx = tan? B [ sin™' x—sin”! y= sin”! {x\ll—yz -y 1-x2 H
10. @ f(x)=sin! [1og3 (fD o (33) (33
3 =sin™! =sin’!

65 65

—_

13. (b) —sin~

=sinx=

We know that domain of sin lxisx e [-1, 1]

— —1 (5_6j _ E_Sin_l (&j
—1S10g3(§jslj3_1£§§31 TS l6s5) T 2 65

= 1<x<9 or x € [L9]
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14. (@) Given, cos_lx—cos_%:a

2
:cos_l[%+\ll—x2. l—yj]za

2 g .2
32+M:COS9
2 2
:xy+\/1—x2 4—y2=20050c

= (xy—2cosa)=(1-x>)(4-)?
= x}?+4 cos’o—4xy cos oo =4 — > — 4x?+ x%)?

= 4x?—4xy cos o+ )*=4 sina

T

15. (c¢) Consider, tan™'(2x) + tan™'(3x) = 2

tan_l( >x )—E
= 1-6x>) 4

m=l:>5x=176x2

6x2+5x—-1=0
(6x—)(x+1)=0

uJ

1
= x:g (asx=0)

Therefore, A is a singleton set.

16. ()

/l\]ﬁ a

cot 2

(cot'x)*—7(cot'x)+10>0
(cot'x—35)(cot'-2)>0

cot! x € (—o0,2) U (5, ) ..(D
But cot™ x lies in (0, T)

Now, from equation (1)

cot'xe (0,2)

Now, it is clear from the graph

x € (cot 2, o)

19 n
17. (@ cat Zcot_1[1+22pJ
p=l1

n=l

Get More Learning Materials Here: &

19
_cot[Zcot_l (1+ n(n+1)
n=1

n=1

)

19
_if (m+1)—n
:cot(Ztan (—1 (a4 D J]
{cot1 x=tan”! (l) cfor x > 0]
X

19
- cot(z (tan™'(n+1)—tan™! n)]

n=1

=cot(tan"' 20 —tan'1)

,1( 20-1 j
—=cot| tan
1+20x1

—cot| tan™! (2) =cotcot™! (2) = 2
21 19 19

18. () x=sin"'(sin 10)

3n

= x=3n-10
=

and y = cos!(cos 10)

= y=4n-10

I 10<3n+l
2 2

3n-x=10

3n<10<4n
=4n—-x=10

y—x=M@Anr-10)-GBn-10)=n

19. (@) cos™! (£)+ cos™" (i) = E;(x > E)
3x 4x) 2 4

Put Sinil(ijze =
4x

N cosO=+1-sin?0 = [1- o
\/16x2—9]

= 0=cos”! [
4x

,1( 2 ) -1
cos — |=CO0S
3x

2 J16x? -9 -

)5
2 3
= cos™! (—) —sin™! (—j [ sin! x+cos”' x= E}
4x 2

sinf = i
4x

16x>

V16x? —9}
4x

, 64481

3x 4x

X =
9%x16

x=x= /14—5
144
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21.

22,

23.

Get More Learning Materials Here: &

12 4
1 _
(@ Letx? =cos20; = e:Ecoslx2

\/]+X2 \jl—x2
{\/l+cos26 +«/1—00526}

V1+c0s20 —+/1-cos 20

= tan’! m = tan~! tan[£+9]
1-tan@ 4

= £+lcos_1 x2
4 2

. _ 1l 2
(¢) Given that, tan~ly= tan I'x +tan”! { X 3 }
1-x

1

= tan"' x +2tan"'x =3 tan"Ix

R | 3x—x°
tan”'y = tan 2
1-3x

3

B 3x—x
1-3x2

=Yy

2
(© f(x)=2tan'x+sin! [1+);2]

= f(x)=2tan'x+n-2tan"'x
= fo=n
= f)=r

@) sin'x e[—ﬁ,ﬁ}
= —3—n£ [sinf
4

2
0<|sin'x— T < i 2
< X 4 < i ,_(1)

Statement II is true

- _ _ 3
(sin lx)3 +(cos lx)3 =an
= (sin'x + cos 'x) [(sin’lx + cos'x)?

— 3sin"'x cos'x] = ar’
2
b - _

= T—Ssm Ixcos™'x = 2an’

2
= sin_lx[g—sin_1 j: 715—2(1—851)

24,

25.

M-267

2 2
. -1 b b1 b
= (sm x——] =~ 8a—-1+—
4 12 ( ) 16
1 T : n’
= | sin~ x——j = —(32a-1
[sn7x-3) = Fgo2
Putting this value in equation (1)
n 9
0<—@(32a-1)<—=n’
48 16
= 0<32a-1<27
1 7
—<as<—
32 8
Statement-I is also true
(@) Since,x,y,zarein A.P.
2y=x+z
Also, we have
2tan”! y=tan'x + tan~! (2)
1 ( 2y \ _f x+z
= tan L 2) = tan
1-y 1-xz
xX+z Xx+z
= = (" 2y=x+2)

1-y? Cl-xz

= yY=xzorx+z=0=>x=y=2z=0
(®) Givensin~!x>cos™! x wherex € (0, 1)

- T

= sin'x> ——sin” x
2

- T .

= 2sin” x>5 = sin

. T 1
= x>smz = x>—

1

1 Y
x>
4

V2

. . . T
Maximum value of sin! x is E

So, maximum value of xis 1. So, x (L 1].

ok

(¢) Weknow that,

1

1
tan = ——+ta

1 1

n- +oee +
1+2 1+2x3 1+3x4
Tt
1+ (n—Dn 1+n(n+1)
-1 1 _ _1n+19
1+(n+19) (n+20) n+21
,ln—l -1 1
= tan ——+t E—
n+1 1+n(n+1)
-1 1 1
+t —— +...... R ——
I+(n+1)(n+2) 1+(n+19) (n+20)
,1n+l9
=tan ——
n+21
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-1 1 -1 1

= tan + tan Fens +

1+n(n+1) 1+(n+1)(n+2)

1 _1n+19
= tan
1+(n+19) (n+20) n+21

_ 1 _ 1
SRS SR T
n +n+l n~+3n+3

[ sin”!x+cos T x= /2]

cos Lx =sin 1\/1 X }

11X 4
12 —sin~ -
h 1 5 5
tan~
1+ (n+19) (n+20) . _13 x 3
= sin —= = ==
5 5 55
n+19 n-l 2 = x=3
-1|_n+21 n+l -1
=tan | ——=—""2_|=tan ———— =8 -1 —1Y
1+n+19Xn_1 2+ 20n+1 29. () cos x-—cos 2-0(
n+21 n+l
20 = ()]
“tanlS§=— = cos_lt—+ (l—xz)kl——U:a
n* +20n+1 2 4

27. (@ sin(cot! (1+x))=cos (tan!x)
= cosec? (cot™! (1 +x)) = sec? (tan"! x)
= 1+ [cot (cot ! (1+x))]>=1+ [tan (tan"' x)]?

= (1+x)?2=x* = X=-7

_ _1(5 T
28. sin l(f) +cosec”! (—) =—
@ 5 4 2

Get More Learning Materials Here: &

2 2)

2

_1(xy+\/4—y2—4x2+x y
= cos L Jz

= xy-*-\/4fyzf4xz+)62y2 =2cos o

= \/47)/2 74x2+x2y2 =2coso—xy

Squaring both sides, we get

= 412 —4x? £ 52?2 = dcos? a+x?y% —4xycosa

= 4x?+ y2 —4xycoso = 4sin’ o
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